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1 Complexity Results and Proofs

In this section, we prove the hardness of solving the
general version bipartite graph optimization problem by
connecting it to some well-known classical graph prob-
lems (k-Center and k-Median). To ease the reading, we
first repeat the general problem definition shown in the
regular paper and then provide detailed proofs.

A bipartite graph G([U,L],W ) is a nearest neigh-
bor bipartite graph (or NN-BG) if it satisfies the fol-
lowing two conditions.

• (i) A distance value d(x, y) ≥ 0 is given for each
pair of nodes x, y ∈ L ∪ U .

• (ii) For each node y ∈ U , W contains exactly one
edge {x, y}, where x ∈ L is a nearest neighbor of y
among all the nodes in L (i.e. for each node z ∈ L,
d(x, y) ≤ d(z, y)).

Thus, in any NN-BG, each node in U has exactly
one edge incident on it; therefore, |W | = |U |.

Given an NN-BG G([U,L],W ), suppose we move a
non-empty subset of nodes S ⊆ U from U to L. After
this modification, we can find the nearest neighbor for
each node y ∈ U−S and obtain another NN-BG denoted
by G′([U−S,L∪S],W ′). We consider the following two
problems involving such modifications of NN-BGs.

I. Modification to Minimize the Maximum
Distance (MMMD)

Instance: Given an NN-BG G([U,L],W ), an integer
k ≤ |U | and a non-negative number β.

Question: Is there a subset S ⊆ U such that
(i) |S| ≤ k and (ii) in the NN-BG G′([U−S,L∪S],W ′),
the distance value on each edge {x, y} ∈ W ′ is at most
β?

II. Modification to Minimize the Total Dis-
tance (MMTD)

Instance: Given an NN-BG G([U,L],W ), an integer
k ≤ |U | and a non-negative number σ.

Question: Is there a subset S ⊆ U such that
(i) |S| ≤ k and (ii) in the NN-BG G′([U−S,L∪S],W ′),
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the sum of the distances over all the edges in W ′ is at
most σ?

We will show that both MMMD and MMTD are
NP-complete even when the distance function is a
metric.

In proving these results, we will use reductions from
the following known NP-complete problems [1].

k-Center
Instance: A complete graph H(VH , EH), distance

value d′(u, v) for each edge {u, v} ∈ EH , integer k ≤
|VH | and a non-negative number β.

Question: Is there a subset V ′ ⊆ VH such that (i)
|V ′| ≤ k and (ii) for each node y ∈ VH − V ′, there is a
node x ∈ V ′ with d′(x, y) ≤ β?

k-Median
Instance: A complete graph H(VH , EH), distance

value d′(u, v) for each edge {u, v} ∈ EH , integer k ≤
|VH | and a non-negative number σ.

Question: Is there a subset V ′ ⊆ VH such that

(i) |V ′| ≤ k and (ii) the sum
∑

y∈VH−V ′

d(x, y), where

x ∈ V ′ is a nearest neighbor of y among the nodes in
V ′, is at most σ?

We note that the k-Center and k-Median problems
remain NP-complete even when the distance function
d′ is a metric [1]. We now show that both MMMD and
MMTD are NP-complete problems.

Theorem 1.1. Problem MMMD is NP-complete even
when the distance function is a metric.

Proof: It is easy to see that MMMD is in NP. We
prove the NP-hardness of MMMD through a reduction
from the k-Center problem. Given an instance of
the k-Center problem consisting of the complete graph
H(VH , EH), the distance function d′ and parameters k
and β, we construct an instance of MMMD as indicated
below. Let VH = {v1, v2, . . . , vn} so that |VH | = n.
Further, let ∆ be the largest edge distance in H.

1. The NN-BG G([U,L],W ) is constructed as follows.

• (i) L = {`} has just one node;

• (ii) U = {u1, u2, . . . , un} in one-to-one corre-
spondence with VH ;
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• (iii) W = {{`, ui} : 1 ≤ i ≤ n}; and

• (iv) d(`, ui) = ∆ + 1 and d(ui, uj) = d′(vi, vj)
for all 1 ≤ i, j ≤ n.

2. The parameters k and β of MMMD are the same
as those of k-Center.

Assuming that the distance function d′ of the k-Center
instance is a metric, it is easy to see that the distance
function d for the MMMD instance is also a metric.
It can also be verified that the above construction can
be carried out in polynomial time. We now show that
there is a solution to the MMMD instance iff there is a
solution to the k-Center problem.

Suppose there is a solution to the k-Center problem,
where without loss of generality, V ′ = {v1, v2, . . . , vk}.
Let S = {u1, u2, . . . , uk}. Consider the modified NN-
BG G′([U −S,L∪S],W ′). Since V ′ is a solution to the
k-Center problem, for each node y ∈ VH − V ′, there is
a node x ∈ V ′ such that d′(x, y) ≤ β. In view of the
one-to-one correspondence between U and VH , it follows
that for each edge {x, y} ∈ W ′, where x ∈ L ∪ S and
y ∈ U − S, d(x, y) ≤ β. Thus, S is indeed a solution to
the MMMD instance.

Suppose there is a solution to the MMMD instance
consisting of the set S ⊆ U . Without loss of general-
ity, let S = {u1, u2, . . . , uk}. We claim that the cor-
responding set of nodes V ′ = {v1, v2, . . . , vk} ⊆ VH is
a solution to the k-Center problem. To see this, note
that since S is a solution to the MMMD instance, for
each node uj ∈ U − S, there is a node ui ∈ S such
that d′(ui, uj) ≤ β. By our construction, the node set
U − S is in one-to-one correspondence with VH − V ′.
Further, for each pair of nodes ui and uj , where ui ∈ S
and uj ∈ U − S, d′(ui, uj) = d(vi, vj). Therefore, for
any node Vj ∈ VH − V ′, there is a node vi ∈ V ′ such
that d(vi, vj) ≤ β. In other words, V ′ is a solution to
the k-Center problem, and this completes the proof of
Theorem 1.1.

Theorem 1.2. Problem MMTD is NP-complete even
when the distance function is a metric.

Proof: The reduction is from the k-Median prob-
lem and the construction is identical to that presented
in the proof of Theorem 1.1 except that we use the
parameter σ (the sum of the distances) instead of β.
The proof that there is a solution V ′ = {v1, v2, . . . , vk}
to the k-Median problem iff there is a solution S =
{u1, u2, . . . , uk} to the MMTD instance is virtually iden-
tical to that presented in Theorem 1.1.

2 Extra Experimental Results.

We have shown how our current formulation can be
extended to polynomial regression, here we show how it

translate to ridge regression and report the experimental
results here. By imposing a penalty on the size of the
coefficients, the ridge coefficients minimize a penalized
residual sum of squares:

min
w
||Xw − y||2 + α||w||2

The prediction function f(x) =
∑d

i=1 wixi + b is the
same for both linear and ridge regression. Our theorem
5.1 in the regular paper can be directly applied to the
ridge regression since the procedure for calculating the
uncertainty upper bound remains unchanged. Thus our
proposed sequential and batch mode query algorithms
can be applied to ridge regression. Moreover, the
regularization term of ridge regression can help reduce
the gap between our uncertainty upper bound and the
exact value: Firstly, minimizing the ridge regression
loss is equivalent as constraint the term

∑d
i=1 wi

2 which
prevents some dominant features; Recall that we use the
term λ = maxi∈[1,d] |w∗i −wi| in the proof of theorem 5.1
to relax the inequality, thus preventing the dominant
features can reduce the value of λ which tightens the
bound. Another thing we do to prevent dominating
features is normalizing all the input features to the
same scale which we will introduce in the experimental
section.

2.1 Ridge Regression Active Learning Experi-
ments Figure 1 plots the RMSE curves with the total
number of queries increasing for all the compared ap-
proaches for ridge regression. We show the noise-free
results from (a) to (f). For each dataset, we use the de-
fault regularization parameter as 1. Generally speaking,
the performance of ridge regression across all the data
sets are slightly better than linear regression. As can be
seen from the plots, most of the active learning methods
outperform the random baselines, the QBC and EMCM
perform similarly in most cases, the greedy algorithm
can achieve good results at the beginning but can’t per-
form well consistently as queries increasing. We can
observe that our proposed sequential active learning
method performs better than all the baselines in the
ridge regression setting, which shows our framework can
be successfully applied to ridge regression. Moreover,
our batch mode query strategy always yields better per-
formance, especially in the Housing, PM10, and White
wine data sets. This indicates the benefit of optimizing
a group of points simultaneously can bring larger overall
uncertainty reduction.
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(a) Housing
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(b) Concrete
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(c) Yacht

2 4 6 8 10
Active Learning Round

0.85

0.90

0.95

1.00

1.05

1.10

RM
SE

Random
Greedy
EMCM
QBC
Ours-Sequential
Ours-Batch

(d) PM10
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(e) Redwine

2 4 6 8 10
Active Learning Round

0.750

0.775

0.800

0.825

0.850

0.875

0.900

0.925

RM
SE

Random
Greedy
EMCM
QBC
Ours-Sequential
Ours-Batch

(f) Whitewine

Figure 1: Comparison results for the benchmark data sets with ridge regression. Results are averaged over 30
random trials.
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